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Abstract
We study the cosmological perturbations for the possible inflation scenario in the teleparallel
equivalence of general relativity specified with parallelizable topological conditions. By acquiring
the identical physical observables to general relativity under the teleparallel formalism, we perform
a 3+1 decomposition of the vierbein field, which can be interpreted as the time gauge fixing between
coordinate and tangent frames. We also extend our discussion to the higher-order action, f(T )
gravity.
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I. INTRODUCTION
Inflation is one of the most successful cosmological models, which resolves problems of
the flatness, the horizon, and provides explanation to the structure of the universe ob-
served today. The physical observables of each inflationary model are obtained through the
quantization of the primordial fluctuations. Such scenario is demonstrated in [1, 2] for the
simplest case that gravity is minimally coupled to a scalar field. The discussion can be also
applied to higher-order gravity actions which have conformal equivalences to the minimal
coupling cases [1]. More generically, it can be used in the most general second-order field
equations [3, 4] or general modified gravitational models of inflation [5, 6]. The problem of
inflation can be also attacked via bifurcation arguments [7].
Recently, the gravity constructed within “distant parallelism” or “teleparallelism” has
received much attention of cosmological interests for both the early universe [8] and the
late time cosmic acceleration [9–35]. While the teleparallel equivalence of general relativ-
ity (TEGR) [36] is, so far, indistinguishable from general relativity (GR), its high order
generalization, f(T ) gravity, contains some novel features other than f(R) gravity. Remark-
ably, the recent development of teleparallel gravity [8–35] follows the geometric construction
in [37, 38], where a special affine connection with absolute parallelism is used. This construc-
tion imposes a strong topological condition in teleparallelism, interpreted as the vanishing
connection coefficients (or spin-connection), ensuring the independence of parallel transfor-
mations between the four orthonormal bases of the vector field [39]. Although, in general,
the teleparallel condition can be realized through a constraint to the curvature tensor [40],
the formalism in this work represents a technically simpler approach to acquire physical
observables from the dynamical vierbein field and suffices for our interest of cosmological
perturbations.
Nevertheless, it is noticeable that such topologically “parallelizable” condition inevitably
breaks the local Lorentz invariance while some extra degrees of freedoms are found [32,
33]. This feature can be explicit in the Einstein frame of f(T ) gravity as an exotic scalar-
torsion coupling appears in the Lagrangian [34]. However, under homogeneous and isotropic
principles in cosmology, the effects of the extra degrees of freedom proceed to the perturbed
equations. It is shown in [35] that under a gauge-invariant analysis, one extra degree of
freedoms causes severe constraints on f(T ) gravity.
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In this study, we investigate the cosmological perturbations of some possible inflation-
ary models under the teleparallel description of GR. A 3+1 decomposition, specifying the
vierbein fields, can lead to the ADM formulation with the metric commonly used in the liter-
ature. After applying such vierbein fields to TEGR, we find that the resulting torsion scalar
T is identical to the Hamiltonian formulation under a certain time gauge consideration [41].
This time gauge gives rise to the class of the teleparallel geometry with the definite identifi-
cation on the energy and momentum of the gravitational field, and meanwhile recovers the
local Lorentz invariance of the theory. The representation is also convenient for comparison
between the formulations of GR. For the general torsion framework including field equations,
one can refer to [40].
In this paper, we demonstrate that TEGR shares the same quadratic actions as GR for
both scalar and tensor perturbations, which ensure that all the physical observables are un-
changed by choosing the special affine connection with absolute parallelism. We also discuss
the possible inflation scenario driven purely by the higher-order gravity in teleparallelism as
a similar ad hoc to f(R) theories [42]. With regard to the similar time gauge condition to
the vierbein fields, f(T ) theories provide to be as special cases of the general density per-
turbations with second order field equations [3]. This result gives a preliminary study of the
cosmological perturbations in teleparallel theories fixed with local Lorentz invariance, while
further investigation on extra degrees of freedom introduced by the parallelizable condition
requires for consideration beyond metric anstaz. For the coordinate and tangent frames,
Greek indices µ, ν, ... and capital Latin indices A,B, ... run over space and time, while Latin
indices i, j, ... and a, b, ..., represent the spatial part of 1, 2, 3, respectively.
The paper is organized as follows. In Sec. II, we review teleparallel gravity. In Sec. III, we
perform the quadratic computation in TEGR. We extend our discussion to the high order
generalization of TEGR in Sec. IV. Finally, conclusions are given in Sec. V.
II. TELEPARALLEL GRAVITY
Originated from the Einstein’s approach to unify gravitation with electromagnetism [36],
teleparallel gravity takes the vierbein fields eA(x
µ) as the dynamical variables, which are
also orthonormal bases of the tangent space for each point xµ on the manifold. These bases
satisfy the relation eA · eB = ηAB, where ηAB = diag(1,−1,−1,−1), and are related to the
3
coordinate bases ∂µ via the components e
µ
A, i.e., eA = e
µ
A∂µ. Therefore, the metric tensor is
obtained from the dual vierbein as
gµν(x) = ηAB e
A
µ (x)e
B
ν (x). (2.1)
If the metric compatible condition ∇ρgµν = 0 is generalized to the vierbein fields, it will
lead to a vanishing total covariant derivative of eAµ , given by [43]
Dµe
A
ν = ∂µe
A
ν − ΓρνµeAρ + ωABµeBν = 0, (2.2)
where Γρνµ is the affine connection of the coordinate covariant derivative ∇µ, while the spin-
connection ωABµ describes the same geometric object as Γ in the tangent frame. By requiring
a quadruplet of the linearly independent orthonormal basis eA, teleparallel gravity [37] uses
the curvatureless Weitzenbo¨ck connection, Γρµν = e
ρ
A∂νe
A
µ , to define its covariant derivative.
We can see from (2.2) that this special form of the connection indicates the “parallelizable”
condition, ωABµ = 0, of the spacetime, and breaks the local Lorentz invariance in the tangent
frame [32, 38], while the teleparallel condition is satisfied identically due to the vanishing
spin-connection since
RABνµ = ∂νωABµ − ∂µωABν + ωACνωCBµ − ωACµωCBµ,
where Rλρνµ ≡ eλAeBρRABνµ is the curvature tensor. It is noteworthy that teleparallel gravity
is now completely determined by the vierbein fields. Although, in principle, TEGR does
not have to be treated in such a Lorentz violation formulation, the condition ωABµ = 0
can practically simplify the calculations without affecting the physical observables of the
theory [39]. The explicit examination will be provided in the next section.
Following the Weitzenbo¨ck connection Γρµν = e
ρ
A∂νe
A
µ , the torsion tensor is given by
T ρµν = Γ
ρ
νµ − Γρµν = eρA(∂µeAν − ∂νeAµ ). (2.3)
The relation between the Weitzenbo¨ck connection and the torsionless Levi-Civita connection
Γ¯ρµν used in GR is given through the contorsion tensor K
ρ
µν =
1
2
(T ρν µ + T
ρ
µ ν − T ρµν) as
Γρµν = Γ¯
ρ
µν +K
ρ
µν . (2.4)
As demonstrated in [37], the most general Lagrangian density, which is the quadratic of
the torsion tensor, is of the form
L = a1T µνρ T ρµν + a2T µνρT ρµν + a3T ρρµT ν µν + a0, (2.5)
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where ai are free parameters. An equivalent description to GR within teleparallelism is
established in [41] and can be simply taken as the Lagrangian (2.5) with the choice a1 =
1/8, a2 = −1/4 and a3 = −1/2 [38]. Consequently, the Lagrangian density of TEGR is given
by
LTEGR = 1
2
T =
1
8
T µνρ T
ρ
µν −
1
4
T µνρT
ρ
µν −
1
2
T ρρµT
ν µ
ν
≡ 1
2
S µνρ T
ρ
µν , (2.6)
with the definition S µνρ =
1
2
(Kµνρ+δ
µ
ρT
αν
α−δνρT αµα). The field equation of TEGR is obtained
by variation of the vierbein field eµA with respect to the action S =
1
2
∫
d4x[eT + Lm], given
by
e−1∂µ(ee
ρ
ASρ
µν)− eλAT ρµλSρνµ −
1
4
eνAT =
1
2
eρAΘρ
ν , (2.7)
where Θρ
ν ≡ eAρ e−1δLm/δeAν is the energy-momentum tensor of the matter. This energy-
momentum tensor has to be symmetric, Θµν = Θνµ, and conserved with respect to the
Levi-Civita covariant derivative, ∇¯µΘµν = 0, as guaranteed by the invariant action principle
of the general coordinate and local Lorentz transformations of the matter sector, Sm =∫
d4xLm [32, 44]. By using the relation (2.4), it is found that GνA = 2e−1∂µ(eeρASρµν) −
2eλAT
ρ
µλSρ
νµ − 1
2
eνAT , where Gµν = e
A
µG
ν
A is nothing but the Einstein tensor. Therefore,
we can rewrite (2.7) in the covariant way as Gµν = Θµν , which is completely the same
geometrical formulation as the Einstein equation in GR.
III. QUADRATIC COMPUTATION
The computation of the second order action for the primordial fluctuations of the standard
inflationary model
S =
1
2
∫
d4x
√−g[R + (∇φ)2 − 2V (φ)] (3.1)
has been reviewed nicely in [1] as well as [2] with a scenario commonly used in modified
gravity theories which we shall follow in the rest of our discussion. Note that R is the Ricci
scalar of GR defined purely by the metric tensor (2.1).
In order to make a clear comparison to the standard results, we consider the existence of
a scalar field with a general potential in the Lagrangian of TEGR, given by
S =
1
2
∫
d4xe[T + (∇φ)2 − 2V (φ)], (3.2)
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where e ≡ √−g and the torsion scalar T is defined in (2.6). From the mathematical
manipulation by using the relation between Weitzenbo¨ck and Levi-Civita connections, one
gets [38]
T = R + 2∇¯νT µµν , (3.3)
which shows that T and R only differ by a divergent term with respect to the Levi-Civita
derivative. It is clear that the divergent term in (3.3) is not a metrical quantity, which does
not respect to the local Lorentz invariance of the tangent frame [32, 38]. However, such
term appears as a total derivative in the action so that it does not contribute to the field
equations.
When we choose the vierbein to be eAµ = diag(1, a, a, a), (3.2) shares the same background
equations as (3.1) in the flat FRW background:
3H2 =
1
2
φ˙2 + V , H˙ = −1
2
φ˙2 , and 0 = φ¨+ 3Hφ˙+ V,φ. (3.4)
Note that such a simple vierbein choice is an exact solution of the TEGR field equation
corresponding to the flat FRW Einstein equation followed by the discussion in [37], and one
can refer to [21] for the cases of open and closed universe.
A. ADM Decomposition
The computation of the quadratic action is commonly proceeded in the ADM formalism
for various inflationary theories to achieve the nearly scale invariant curvature perturbations.
For torsion theories, the ADM type formulation has been studied in [39, 45, 46]. The ADM
decomposition of the coordinate, despite specifying the metric field, does not fix all the
components of the vierbein. In the present work, we consider a specific vierbein choice,
given by
e0µ = (N, 0) , e
a
µ = (N
a, hai)
e µ0 = (1/N,−N i/N) , e µa = (0, h ia ),
(3.5)
where N i ≡ h iaNa with haih ib = δab for the induced 3-vierbein hai. This choice is considered
in [39] as a time gauge, which shows a 3+1 decomposition of the spacetime with the time
direction e0µ = (N, 0), coinciding with the unit normal vector uµ = (N, 0) of the 3-surface.
For a formal approach in teleparallel gravity, the time gauge is imposed after the construction
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of the Hamiltonian formulation which yields some second-class constraints on the theory [39,
47]. However, we apply directly the specific vierbein (3.5) to the quadratic computation of
TEGR given that physical degrees of freedom in addition to GR will end up redundant as
they appear merely in the total derivative term as implied in the relation (3.3).
It is straightforward to define the 3-covariant derivative Di with respect to the 3-
Weitzenbock connections (3)Γijk = h
i
a∂kh
a
j, which can satisfy the relations
Dihjk = 0 ; DiN
j = h ja ∂iN
a, (3.6)
where hij is the induced 3-metric corresponding to the metric obtained from (3.5):
ds2 = N2dt2 − hij(dxi +N idt)(dxj +N jdt). (3.7)
The compatible feature of the metric is still preserved in the 3-teleparallel geometry due to
the first relation in (3.6).
The non-vanished torsions in this representation are
T 0j0 = ∂jN/N ,
T ij0 = DjN
i − N
i
N
∂jN − h ia∂0haj ,
T ijk = h
i
a (∂jh
a
k − ∂khaj) ≡ (3)T ijk, (3.8)
where the last equation is referred to as the definition of the induced 3-torsion.
It is also found to be convenient to define the “extrinsic torsion” as
Σij =
1
2N
(h˙ij −DiNj −DjNi) (3.9)
in the following calculations. Note that the extrinsic curvature is given by Σ¯ij =
1
2N
(h˙ij −
D¯iNj − D¯jNi) with D¯i the 3-Levi-Civita covariant derivative. We can derive the relation
between the extrinsic torsion and curvature if further applying the relation (2.4) among the
induced 3-connections:
(3)Γi jk =
(3)Γ¯i jk +
(3)Kijk, (3.10)
so that
Σij = Σ¯ij − N
k
2N
(Tijk + Tjik). (3.11)
Under the decomposition (3.5), the torsion scalar (3.3) is obtained in terms of the extrinsic
torsion and 3-torsion as
T = ΣijΣ
ij− (Σ+ N
k
N
T iik)
2−T (3)−2∂kN
N
T i ki +2
Nk
N
TijkΣ
ij +
NkN l
2N2
T ijk(Tijl+Tjil), (3.12)
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where T (3) = 1
4
T mnl T
l
mn − 12TmnlT lmn − T jjkT l kl . In order to compare with the usual ADM
formalism in GR, we insert the relation (3.11) into (3.12). Using the differential by part
D¯k(NT
i k
i ) = ND¯kT
i k
i +T
i k
i ∂kN for the substitution, we have the final expression, given by
T = Σ¯ijΣ¯
ij − Σ¯2 +R(3) +DT , (3.13)
with DT = −2D¯k(NT i ki )/N becoming a total divergence term in the action. Here, R(3) is
from the same definition as (3.3) with T (3) = R(3) + 2D¯jT
l j
l .
Replacing Σ¯ij by Πij =
√
h(Σ¯ij − Σ¯hij) as the conjugate momentum of hij [48], we find
that (3.13) is identical to Eq. (10) in [45], which is the 3+1 formulation of TEGR under
the Schwinger’s time gauge consideration [49]. As a result, the relation e0µ = uµ in (3.5)
can be realized as locking the time axes of tangent frames to the general coordinate time
axis, while in the teleparallel geometry the time coordinate can be identified definitely with
e0A to be a time-like vector. Such time gauge, in general, is not necessarily required for the
3+1 formulation of TEGR, where the resulting structure can be different from the standard
ADM formalism [47].
It is easy now to make a comparison with the ADM decomposition of the Ricci scalar
R [1]:
R = Σ¯ijΣ¯
ij − Σ¯2 +R(3) +DR, (3.14)
where DR = 2∂t(
√
hΣ¯)/(N
√
h)−2D¯i(Σ¯N i+hij∂jN)/N . We find that the difference between
T and R is given by the total divergence DT −DR = 2∇¯νT µµν .
B. Scalar Perturbations
We can now rewrite the action (3.2) via (3.13) as
S =
1
2
∫ √
h
[
N(Σ¯ijΣ¯
ij − Σ¯2) +NR(3) +N−1(φ˙−N i∂iφ)2 −Nhij∂iφ∂jφ− 2NV
]
+DT ,
(3.15)
where hai and φ play the role of dynamical variables in which one can choose a gauge to
fix the time and spatial reparametrizations. In the following discussion, we will drop DT in
(3.15) since it is a total divergent term. We denote the first order quantities, ζ and γ, to
parametrize the scalar and tensor perturbations, and use the gauge convenient for studying
the quadric action as
δφ = 0, hai = ae
ζ(δai +
1
2
γai), (3.16)
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where γai in general contains symmetric and antisymmetric parts, i.e., γ
a
i = s
a
i + a
a
i. The
antisymmetric part aai is a distinct feature for tensor perturbations in teleparalelism. How-
ever, it dose not contribute to the quadric calculation in the discussion given later. We define
that γij = ηab(δ
a
iγ
b
j + δ
b
jγ
a
i)/2 with ηab = diag(−1,−1,−1) and γii = ∂iγij = 0, leading to
the induced metric to be
hij = a
2e2ζ(δij + γij +
1
4
γaiγ
a
j). (3.17)
Temporarily, we concentrate on the scalar quantity ζ and take γ = 0 in (3.17) to simplify
the calculations. With in mind that N and N i (or Na) are as Lagrange multipliers, we
perform the variations δN and δN i = hiaδN
a to (3.15), and obtain the constraints
hia∇¯j[Σ¯ij − hijΣ¯] = 0 ,
R(3) − (Σ¯ijΣ¯ij − Σ¯2)−N−2φ˙2 − 2V = 0 . (3.18)
By setting that N i = ∂iψ+N
i
T with ∂iN
i
T = 0 and N = 1+N1 as suggested in [2], we derive
the solutions
N1 =
ζ˙
H
, N iT = 0, ψ = −
ζ
a2H
+ χ, ∂2χ =
φ˙2
2H2
ζ˙ . (3.19)
After substituting (3.19) back to (3.15), the Lagrangian is expressed in terms of ζ to the
second order
Sζ =
1
2
∫
dtdx3
{
aeζ
(
1 +
ζ˙
H
)[
4∂2ζ − 2(∂ζ)2 − 2a2V e2ζ]
+a3e3ζ
1
1 + ζ˙
H
[
−6(H + ζ˙)2 + φ˙2
]}
, (3.20)
which is identical to the expression by using the background equations (3.4):
Sζ =
1
2
∫
dtd3xa3
φ˙2
H2
(
ζ˙2 − a−2(∂ζ)2
)
. (3.21)
This final expression for Sζ is identical to the result of the theory (3.1).
C. Tensor Perturbations
As demonstrated in [2], γ2 and scalar-tensor crossing terms appear only in the cubic
calculations of the Lagrangian, which are beyond the main concern of this paper. Hence,
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we simply set ζ = 0 in (3.17) and consider the contribution only from γai. After inserting it
to (3.15), the quadratic action becomes
Sγ =
1
8
∫
dtd3x a3
[
(γ˙ij)
2 − a−2(∂iγjk)2
]
. (3.22)
Note that, despite the tensor fluctuation γai contains some extra components, i.e., the anti-
symmetric part aai comparing to GR. The contribution of a
a
i does not show up at this level.
We can define δias
a
j = sij and δiaa
a
j = aij , so that actually
γij =
1
2
ηab(δ
a
iγ
b
j + δ
b
jγ
a
i) = sij . (3.23)
From the fact that (3.21) and (3.22) are the same results as the theory (3.1), we simply
conclude that the changing of the dynamical variable from hij to h
a
i does not alter the
propagating degrees of freedom in linear perturbations as the extra part aai drops out in
quadratic computations. This satisfies the consideration of the choice (3.5) and can be seen
from the relation (3.3), where the quantities besides the ADM ansatz are ignored in advance.
Therefore, we have two tensor modes plus one scalar mode in teleparallel gravity, and the
effects from aai in higher order perturbations are worth for further investigations.
IV. HIGH ORDER GENERALIZATION
The high order generalization of TEGR was first proposed in [8] as an alternative infla-
tion model. As analogy to f(R) gravity, the modification of the torsion scalar T can be
generalized to an arbitrary function with the action
S =
1
2
∫
dx4ef(T ). (4.1)
It is interesting to note that the formalism of [40] is still applicable to the theory in (4.1) by
introducing a constraint directly to the spin-connection instead of the curvature.
In order to study the quadratic action of the high order Lagrangian, it is provided to be
convenient to perform the conformal transformation [1]. We simply review the transforma-
tion of f(T ) gravity to the Einstein frame first with the detail given in [34]. We use the
formulation
f(T ) = FT − 2V, F ≡ df
dT
, V =
FT − f(T )
2
, (4.2)
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and define eˆAµ =
√
FeAµ ≡ ΩeAµ . The torsion scalar is transformed as
T = Ω2[Tˆ − 4∂ˆµωTˆ ρρµ + 6(∇ˆω)2], (4.3)
where ∂ˆµω ≡ ∂ˆµΩ/Ω. Since e = Ω−4eˆ and F = Ω2, the action (4.1) is rewritten as
S =
1
2
∫
dx4eˆ
[
Tˆ − 4√
6
∂ˆµϕTˆ ρρµ + (∇ˆϕ)2 − 2U(ϕ)
]
, (4.4)
where we have defined that dϕ =
√
6dω =
√
6dF/2F and U = V/F 2. Comparing the action
(4.4) with (3.2), there is an additional scalar-torsion coupling term, ∂ˆµϕTˆ ρρµ, which breaks
the local Lorentz invariance and gives some extra degrees of freedom. The corresponding
field equation of (4.4) is obtained by variation with respect to the vierbein field eˆAµ , where
the covariant representation is
Gµν = Θ
ϕ
µν +Hµν (4.5)
with Θϕµν the corresponding energy-momentum tensor of the scalar field ϕ and Hµν obtained
from variation of the coupling eˆ∂ˆµϕTˆ ρρµ, given by:
Θϕµν = ∂ˆµϕ∂ˆνϕ−
1
2
gµν(∇ˆϕ)2 + gµνU
Hµν =
2√
6
[gˆµν ∂ˆ
λϕTˆ ρρλ − ∂ˆλϕTˆνµλ − 2∂ˆνϕTˆ ρρµ]−
2√
6
eˆ−1gˆνλeˆ
A
µ ∂ˆα[eˆ(∂ˆ
λϕeαA − ∂ˆαϕeλA)],(4.6)
respectively. The variation of the scalar field ϕ gives the equation of motion
ϕ + U ′ +
2√
6
∇ˆµTˆ ρρµ = 0, (4.7)
where U ′ ≡ dU/dϕ.
It is easy to observe that Hµν in general is not a symmetric tensor, whereas Gµν and
Θϕµν are. Therefore, following the discussion in [32] but here in the Einstein frame, the field
equation (4.5) can be splitted into:
Gµν = Θ
ϕ
µν +H(µν) (4.8)
0 = H[µν] (4.9)
where Hµν = H(µν) +H[µν]. The presence of (4.9) makes (4.5) an equation for all 16 com-
ponents instead of 10, indicating that the theory (4.4) in fact precesses more degrees of
freedoms than the linear teleparallel theory (3.2).
Torsion theories with scalar fields have been discussed in [50], while the higher order
effects of the boundary terms are considered in [51]. Although the generic analysis of the
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perturbations of f(T ) theories is virtually important, in the present work we intend to exam
practically a simplified calculation by specifying the vierbein field eˆAµ in the same manner
as (3.5). This vierbein representation reveals the time gauge condition from the gauge field
approach of quantum gravity [49]. The extra degrees of freedom introduced in the nonlinear
teleparallel theories are fixed so that the back ground choice, eˆAµ = diag(1, aˆ, aˆ, aˆ), can be
applied directly.
The torsion scalar Tˆ is demonstrated by (3.13) where we denote Σˆij as the extrinsic
curvature with respect to the induced metric hˆij . For simplicity, we represent the scalar-
torsion coupling under the integration by part as
eˆ(ϕ∇ˆµTˆ ρρµ) = −ϕ∂t(
√
hˆΣˆ) +
√
hˆϕD¯i(N
iΣˆ + hij∂jN −NTˆ j ij ), (4.10)
where the decomposed ∇ˆµTˆ ρρµ is found in the previous discussion on the total divergence
DR and DT . Without knowing the background field, it is explicit that the term
√
hˆϕD¯i(...)
will become a total divergence if we impose the condition δϕ = 0 where ϕ preserves only its
background value ϕ = ϕ(t). This condition is nothing but the unitary field gauge commonly
applied for computing the primordial curvature perturbations. The action (4.4) under this
condition is written as
S =
1
2
∫ √
hˆ
[
N(ΣˆijΣˆ
ij − Σˆ2) +NRˆ(3) + 4√
6
ϕ˙Σˆ +N−1ϕ˙2 − 2NU
]
, (4.11)
where we have neglected two total divergence terms, DTˆ from the decomposed Tˆ and√
hˆϕD¯i(...) as mentioned above.
One may observe that all terms inside (4.11) are no more than variables of the metric
hˆij with its corresponding Levi-Civita derivative Dˆi, and without higher than second-order
time derivative. The change of variables from hˆij to hˆ
a
i shows no difference in quadratic
computations for Σˆij and Rˆ
(3) according to the discussion in Sec. III, while the only non-
metric quantity Tˆ j ij drops as the total divergence. Hence, the degrees of freedom of (4.11) is
the same as the action (3.15), which is found to have one scalar mode and two tenser modes in
linear perturbations. The theory with the unusual non-minimal derivative coupling between
field and gravity introduces no new degree of freedom, which is also found in [52].
We can obtain the Hamiltonian and momentum constraints of (4.11) from the variation
12
of N and Na, written as
hjaDˆ
i
[
Σˆij − hijΣˆ + hij 4ϕ˙√
6N
]
= 0, (4.12)
Rˆ(3) − (ΣˆijΣˆij − Σˆ2)−N−1
4√
6
ϕ˙Σˆ−N−2ϕ˙2 − 2U = 0, (4.13)
respectively. Following the background of the vierbein eˆAµ = diag(1, aˆ, aˆ, aˆ), we are able
to use the same parametrization as given in (3.16). The background field equations and
equation motion of ϕ are
3H2 =
1
2
ϕ˙2 + U +
√
6ϕ˙H
H˙ = −1
2
ϕ˙2 +
1√
6
ϕ¨−
√
6
2
Hϕ˙
0 = ϕ¨+ 3Hϕ˙+ U ′ +
√
6(H˙ + 3H2), (4.14)
where the equation of continuity is satisfied, while the field equations are non-trivially cou-
pled. We denote the perturbations as N = 1+N1 and N
i = ∂iψ+N
i
T , and hide the notation
of the conformal frame in convenience for the following discussion. The quadratic action of
(4.11) is given by
Sζ =
1
2
∫
dtdx3
{
aeζ (1 +N1)
[−4∂2ζ − 2(∂ζ)2 − 2a2Ue2ζ]
+a3e3ζ
1
1 +N1
[
−6(H + ζ˙)2 + φ˙2 + 4(H + ζ˙)∂2ψ
]
+a3e3ζ
ϕ˙
1 +N1
4√
6
[
3(H + ζ˙)− ∂2ψ
]}
. (4.15)
After some simple manipulation together with the constraint (4.12) and background equa-
tions (4.14), we rewrite (4.15) as
Sζ =
1
2
∫
dtdx3a3
[
−6GT ζ˙2 − 2FT (∂ζ)2 + 2ΞN21
− 4ΘN1∂2ψ + 4GT ζ˙∂2ψ + 12ΘN1ζ˙ − 4GTN1∂2ψ
]
, (4.16)
where GT = FT = 1 , Ξ = −U and Θ = H(1 − ϕ˙/
√
6H). The action (4.16) is in fact the
representative of the generic quadratic action with the second-order field equations given
in [3]. Following the discussion therein, we can arrive directly at the final expressions for
tensor and scalar perturbations as
Sγ =
1
8
∫
dtd3x a3
[GT (γ˙ij)2 − a−2FT (∂iγjk)2] , (4.17)
Sζ =
1
2
∫
dtd3xa3
[
GS ζ˙2 − a−2FS(∂ζ)2
]
, (4.18)
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respectively, where
FS = 1
a
d
dt
( a
Θ
G2T
)
− FT , (4.19)
GS = Ξ
Θ2
G2T + 3GT . (4.20)
We find that tensor perturbations are unchanged from the familiar result (3.22) despite the
presence of the scalar-torsion coupling in (4.11), while the scalar perturbations shall satisfy
the conditions of FS > 0 and GS > 0 to avoid ghost and instabilities [3] if a certain f(T )
inflation model is considered under the time gauge condition of the vierbein field.
V. CONCLUSIONS
In order to study the primordial behavior for gravity constructed under teleparallelism,
especially for TEGR, we have performed a specific 3+1 decomposition of the vierbein field in
light of the ADM consideration on perturbations. The corresponding metric obtained from
the concerning vierbien is the ADM formulation commonly used in models of inflation. We
have found that the torsion scalar T under this representation differs from the decomposed
Ricci scalar R by a total divergence, which satisfies the general relation between T and R.
Despite that the local Lorentz invariance is broken by the parallelizable condition of the
theory, the uncovered (new) physical quantities beyond GR never appear with dynamical
importance in our result even in the extension to f(T ) gravity. This special decomposition
can also be interpreted as a specific Hamiltonian formulation under the Schwinger’s time
gauge condition which fixes the Lorentz violation issue simultaneously.
The quadratic computation of T can be taken as a rephrase of the standard result by
changing the variable from hij to h
a
i. The reason is that linear perturbations give identical
formulations to metric variables while all non-metric terms are removed as total divergences.
Although in general the tensor part of the vierbein contains extra components, its effects
do not show up at the quadratic level, and the quantization process afterword will be no
difference from the content of curvature perturbations.
The high order generalization of TEGR has also been considered as an alternative scenario
to driven inflation under a purely gravitational effect. However, to discuss the cosmological
perturbations, one has to address first the extra degrees of freedom introduced by the paral-
lelizable topological condition in teleparallel theories. We have demonstrated in this work a
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primary approach on f(T ) theories by fixing the vierbein field under a time gauge condition,
as already applied in TEGR. The resulting theory reveals a special kind of curvature per-
turbation actions with second order field equations. Nevertheless, despite the local Lorentz
invariance can be brought back to teleparallel gravity through the time gauge fixing, those
extra degrees of freedom have been found with interesting phenomenological effects during
the evolution of the universe. It is worthy of a future investigation for the general studies
on inflation theories constructed within teleparallelism.
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